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Molecular hydrodynamic approach to dynamical correlations in quantum liquids
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A quantum molecular hydrodynamic formalism is developed for the study of dynamics in quantum liquids.
The method combines exact static input, generated by path-integral Monte Carlo, and an approximate form of
the quantum memory function for the solution of the exact quantum generalized Langevin equation under
consideration. This methodology is applied to the study of the spectrum of density fluctuations in liquid
para-H2. Using a physically motivated approximation for the memory function, semiquantitative agreement is
obtained forS(k,v) in comparison to the recent experiments of Bermejoet al. @Phys. Rev. Lett.84, 5359
~2000!#. Improvement of the methodology and future applications are discussed.
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Understanding dynamical phenomena in highly quant
liquids has been at the forefront of theoretical physics
decades. New experimental techniques continue to unc
fascinating behavior in such systems. For example, m
experimental and theoretical effort has been focused on c
acterizing the dynamics of impurity molecules embedded
superfluid liquid nanodroplets@1–4#. These papers are onl
important from the fundamental standpoint, but it may a
lead to different approaches for molecular self-assembly.
study of liquid para-H2 has also been of much current inte
est. Experimental breakthroughs have led to direct meas
ment of both the incoherent@5# and coherent@6,7# dynamic
structure factors in this system. A recent experimental st
has even suggested that para-H2 may exhibit superfluid be-
havior under certain conditions@8#.

The theoretical calculation of time correlation functions
quantum liquids is an extremely difficult task. This has led
a variety of different techniques to include the effect of qua
tum fluctuations on the dynamic response in liquids. Mos
these techniques are ‘‘semiclassical’’ in the sense that
dynamic response is calculated with the aid ofclassicaltra-
jectories of some kind@9#. While such techniques appea
promising, technical issues associated with most semicla
cal methodologies have prevented their use in describing
namics in realistic quantum liquids. Another class of me
ods that has been used with success in a variety of prob
and does not make use of real-time trajectories involves
phisticated numerical analytical continuation of exa
imaginary-time path-integral Monte Carlo data~PIMCD!
@10#. The application of this method to the understanding
dynamical fluctuations in quantum liquids has so far not b
completely successful due to numerical instabilities involv
in such methods that smooth out the distinct spectral feat
of various frequency dependent susceptibilities@11#.

In view of the above, it is highly important to develop an
implement flexible and accurate approaches for the stud
dynamical fluctuations in quantum liquids. For classical l
uids, a sophisticated framework called ‘‘molecular hydrod
namics’’ has been developed for the computation of dyna
cal observables@12–14#. This approach involves formulatin
an exact generalized Langevin equation~GLE! for the dy-
namical variable of interest and making approximations
the memory function of the GLE. This approach has be
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applied successfully to a great number of physically intere
ing classical problems, including the study of transport@12–
14#, density and momentum fluctuations@12–14#, solvation
dynamics@15#, Raman spectroscopy@16#, and vibrational re-
laxation @15#. An appealing feature of classical molecul
hydrodynamics is that dynamics may be approximated fr
static, equilibriuminput alone. While only static input is re
quired and, therefore, only short-time behavior may be r
orously captured, often very reasonable, nearly quantitat
long-timebehavior is generated within this approach.

The method developed here to obtain time correlat
functions in quantum liquids is based on augmenting
exact quantum generalized Langevin equation~QGLE! for
the dynamical variable withexactstatic structural input and a
suitable approximation to the memory function of the QGL
The power of our method will be demonstrated by show
that even simple approximations to the memory funct
may produce accurate results for the time correlation fu
tions in quantum liquids. Furthermore, we suggest tha
powerful framework for the calculation of the dynamics
finite temperature quantum liquids may be built upon t
techniques discussed here, and may be used to comp
plethora of important observable dynamical quantities
quantum liquids. A similar ‘‘quantum molecular hydrody
namics’’ approach has been suggested in the past@17–19#,
however, it has never been combined with numericallyexact
means of calculating all of the structural input necessary
a proper implementation and solution of the QGLE.

For simplicity we focus on a particular model system
namely, on liquid para-H2, and derive the QGLE for the
intermediate scattering functionF(k,t) that describes the
correlation of density fluctuations. Well-defined collectiv
density excitations were recently observed experimentally
this system@6,7#, even though classically such excitation
are not expected to survive in liquids of this class, excep
extremely low wave-vector values. This strongly sugge
that quantum fluctuations have a large influence on the
lective dynamics in this low-temperature liquid. While on
density fluctuations in liquid para-H2 is studied here, the
methods developed hold the promise of general utility, ev
under superfluid conditions where previous path-integral
lated techniques have dramatically failed to properly rep
duce experimentally observed dynamical phenomena@11#.
©2002 The American Physical Society11-1
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The derivation of the QGLE for the intermediate scatt
ing functionF(k,t) follows from the work of Zwanzig@20#
and Mori @21,22#. We begin with the definition of two dy-
namical variables—the quantum density operatorr̂k

5(a51
N eik• r̂a and the longitudinal current operatorĵ k

5(1/2m)(1/k)(a51
N @(k• ṗ̂a)eikr a1eikr a( ṗ̂a•k)#. These

two operators satisfy the continuity equationṙ̂k5 ik ĵ k ,
where the dot denotes a time derivative. Next we defi
the projector Pk5(^A†,•••&/^A†,Ak&)Ak, where Ak

51/b\*0
b\e2lHAelH is the Kubo transform@23# of A, and

the vector operatorA combines the two dynamical variable
r̂k and ĵ k to form a row vectorA5@ r̂k , ĵ k#. Using the pro-
jection operator defined above the time evolution of
Kubo transform of the intermediate scattering functio
Fk(k,t)5(1/N)^r̂k

† ,r̂k
k(t)&, is given by

d2Fk~k,t !

dt2
1vk

2~k!Fk~k,t !1E
0

t

dtKk~k,t2t!
dFk~k,t!

dt
50.

~1!

Equations similar to Eq. ~1! have been derived befor
@18,19#. In the present paper this equation is augmented w
exact input from path-integral Monte Carlo, and solved w
an appropriate approximation for the memory function fo
realistic system. This will lead to the important conclusio
that even simple approximations toKk(k,t) may yield fre-
quency dependent susceptibilities in agreement with the n
trivial features that are experimentally exposed. Note that
above formal expression is very similar to the classical eq
tion of motion for the intermediate scattering function@12#.
However, Eq.~1! describes the time evolution of theKubo
transformof the intermediate scattering function and, the
fore, is a fully quantum mechanical description. The class
limit of Eq. ~1! is recovered when\→0.

To obtainFk(k,t) from Eq. ~1! one requires as input th
frequency factorvk

2(k) and the memory functionKk(k,t).
Within the framework of the molecular hydrodynamics a
proach developed below, both quantities can be obtai
from static equilibrium input, i.e., from an appropriate pa
integral Monte Carlo scheme, and thus are also descr
quantum mechanically. The frequency factor is given
vk

2(k)5k2Jk(k)/Sk(k), where Sk(k)5Fk(k,0)5(1/N)

3^r̂k
† ,r̂k

k(0)& is the Kubo transform of the static structur

factor andJk(k)5(1/N)^ ĵ k
† , ĵ k

k(0)& is the Kubo transform of
the zero time longitudinal current correlation function. T
memory function is related to the Kubo transform of t
random force, R̂k5d ĵk /dt2 ik@Jk(k)/Sk(k)#r̂k , and is
given formally byKk(k,t)5^R̂k

† ,R̂k
k(t)&/@NJk(k)#.

The above expression for the memory function combin
with Eq. ~1! is simply another way for rephrasing the qua
tum Wigner-Liouville equation for the dynamical variab
Fk(k,t). The difficulty of numerically solving the Wigner
Liouville equation for a many-body system is shifted to t
difficulty of evaluating the memory kernel. For a certa
class of classical dense fluids, a simpleexponentialapproxi-
mation to the memory function is known to provide a sem
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quantitative description ofS(k,v)5*2`
` dtF(k,t)eivt. It is

well known that for systems with ‘‘soft’’ potentials of mea
force ~PMF!, such as liquid metals, this approximation pr
vides a quantitative description ofS(k,v) for values ofk
near that for whichS(k) reaches its first maximum, and
semiquantitativeS(k,v) for smaller values ofk outside the
strict hydrodynamic limit@12–14#. In Fig. ~1! we compare
the PMF for quantum liquid para-H2 in the temperature and
density range of the experiment of Bermejoet al. @6# to the
PMF for classical para-H2 under dense liquid conditions. An
examination of the classical PMF would lead one to the
pectation that this system is not in the ‘‘soft’’ limit. It shoul
be noted, however, that quantum fluctuations greatly so
the PMF between two particles. As clearly can be seen in
figure, the quantum PMF shows a lower frequency of os
lation about its first minimum and a softer repulsive w
than the classical PMF does. In fact, the quantum PMF
sembles that of a classical liquid metal, for which the afo
mentioned exponential approximation for the memory fun
tion produces quantitative results forS(k,v). These facts
motivate the use of the simple exponential form for t
memory function in quantum liquid para-H2.

In view of the above discussion, we assume that the t
dependence of the longitudinal memory functionKk(k,t)
follows an exponential decay law@13,24#

Kk~k,t !5Kk~k,0!exp~2t/tk!

where the relaxation time

tk5
1

2
Ap/Kk~k,0!

is estimated using the Lovesey approximation@24# and

FIG. 1. A plot of the potential~dotted line! and the potential of
mean force~PMF! for classical~dashed line! and quantum~solid
line! liquid para-H2. The thermodynamic point isT525 K, r
50.0289 Å23 for the classical result, andT514 K, r
50.0235 Å23 for the quantum result. Note that the quantum flu
tuations lead to a significantly softer PMF.
1-2
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MOLECULAR HYDRODYNAMIC APPROACH . . . PHYSICAL REVIEW E65 036111
Kk~k,0!5
^v4~k!&k

^v2~k!&k
2

^v2~k!&k

Sk~k!
,

where

^vn~k!&k5~21!n/2
dn

dtn
Fk~k,t !u t50 /Sk~k!

are the normalized frequency moments ofS(k,v). Following
the classical notation this approximation is referred to as
quantum viscoelastic model~QVM!.

The short-time moments of the Kubo transform of t
intermediate scattering function that determine the longitu
nal memory kernel involve thermal averages over an op
tor that combines positions and momenta of all particles. T
term for vk

4(k) ~not given explicitly here! is more compli-
cated and involves higher powers of momenta operators.
approach we adopt in the present study to calculate th
moments is based on a recent method that we have de
oped that uses path-integral Monte Carlo~PIMC! technique
and is suitable for thermal averages of such operators f
many-body system@25#. We note that the required averag
could be obtained from a standard ‘‘primitive’’ path-integr
Monte Carlo algorithm for the ensemble average of opera
involving momentum and position@26#, however, more
Monte Carlo passes would be required to reach converge

To obtain the dynamic structure factor given by

S~k,v!5
b\v

2 FcothS b\v

2 D11GSk~k,v!,

we solve Eq.~1! with the approximate memory functio
given by the exponential decay law. The PIMC simulatio
were performed with 108 particles interacting via t
Silvera-Goldman potential @27# at T514 K and r
50.0235 Å23. The staging algorithm@28# for Monte Carlo
chain moves was employed to compute the numerically
act Kubo-transformed static moments. 23107 Monte Carlo
moves were made, with an acceptance ratio of approxima
0.35.

In Fig. ~2!, we show the calculated dynamic structure fa
tor for para-H2 at a thermodynamic state point very simil
to the one studied experimentally by Bermejoet al. @7#. Al-
though the instrument response isnot included in our calcu-
lation ~but hasbeen included in the calculation of Ref.@7#!,
the results are clearly in semiquantitative agreement with
experimental results. In particular, a high intensity peak
finite frequency is observed, and disappears aroundk
51.4 Å 21, in agreement with the experiment@7#. The peak
positions and widths do show slight differences from t
experimental results, as do the simulations presented by
mejo et al. @7#. Comparing our results with the earlier pat
integral centroid molecular dynamics~PICMD! calculation
that did not account for the instrument response@29# shows
that the PICMD results are nearly identical to our simp
QVM results. This agreement is somewhat surprising, gi
that the two approaches are so different. It should be no
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that for the approximate Kubo-transformedSk(k,v), the
QVM will satisfy the first three even sum rules, while th
PICMD result will not.

While it is beyond the scope of the present paper to g
a detailed comparison of the relative merits of other meth
to the approach taken here, it should be noted that the pre
technique has some very attractive advantages. First,
method requires no computation of semiclassical trajector
thus offering a more efficient numerical scheme to appro
mate quantum mechanical correlation functions. Second
is well known in the classical case, the approach taken h
may be applied togeneralliquid state correlation functions
as long as a reasonable approximation to the memory fu
tion of interest is used. Furthermore, situations where
static distribution is not described by Boltzmann statist
can easily be handled within the framework of the quant
hydrodynamic approach developed here, since the additi
complication of proper particle statistics may be absorb
into the PIMC calculation of the static input. Lastly, since t
starting point of the methods used in this work is theexact
QGLE given by Eq.~1!, improvements upon simple ap
proaches such as the QVM may be made with more sop
ticated approximations to the memory function.

What is most remarkable about the present calculatio
the fact that very good agreement with experiment in a n
trivial system may be obtained via a simple approach t
makes no use of dynamical trajectories. This is significant,
since the method proposed is flexible andimprovable. It is
known, for example, that the classical viscoelastic appro
mation can underestimate the intensity of the low freque
behavior ofS(k,v) for small values ofk @12#. A means of
improvement here would be through the use of a quan
mode-coupling theory~QMCT! for the construction of the

FIG. 2. The dynamics structure factor for para-H2 at T514 K
and r50.0253 Å23 calculated from the quantum viscoelast
model. The upper panel shows the static structure factor obta
from a PIMC simulation. Thek values are in units of Å21.
1-3



o

e
on
n-

-

th

um

-
o

um
a

m
or-

re-

o-
e-
on

ta-
g-
n
ct
the
dy

n-
-
ry
y

ral
as

ing
on

s in

u-

ce
o-
l
e
ic

ERAN RABANI AND DAVID R. REICHMAN PHYSICAL REVIEW E 65 036111
memory function. For example, an approximate closure
the form Kk(k,t)'Kk,QB(k,t)1Kk,QMCT(k,t) where the
‘‘quantum binary’’ portion@Kk,QB(k,t)# is determined from
a short-time expansion of the exact Kubo-transform
memory function, while the quantum mode-coupling porti
@Kk,QMCT(k,t)# is obtained with a generalization of the sta
dard expression@12# for classical liquids,

KQMCT
k ~k,t !5

1

N (
q

Fk,q@Fk~q,t !Fk~ uk2qu,t !

2FB
k~q,t !FB

k~ uk2qu,t !#, ~2!

whereFk,q'@2/Jk(q)#uVk,qu2 and

Vk,q5
1

2N
S K r̂2qr̂q2k ,

d

dt
ĵ k
kL

Sk~q!Sk~ uk2qu!

2 i uku
Jk~k!

Sk~k!

^r̂2qr̂q2k ,r̂k
k&

Sk~q!Sk~ uk2qu!
D . ~3!

In the above equationFB,k(k,t) refers to the short-time bi
nary scattering function, which can be obtained from
simple quantum generalization of the classical version of
function FB

k(k,t)5FB
k(k,0)exp(2vk

2(k)t2/2). All quantum in-
put may again be obtained from path-integral quant
Monte Carlo techniques@25#. Interestingly, a simplified ver-
sion of this approach~without exactly determined static in
formation! was suggested for application to the problem
density fluctuations in superfluid liquid helium@18,19#.
Given the recent experimental interest in superfluid heli
clusters and the failure of previous path-integral-based
o
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proaches to density fluctuation in bulk superfluid heliu
@11#, the development of this approach is of obvious imp
tance. Results forS(k,v) in 4He near and belowTl com-
puted by the quantum mode-coupling approach will be p
sented in a future work.

In conclusion we have developed a simple quantum m
lecular hydrodynamic formalism to study dynamical ph
nomena in quantum liquids. Our approach does not rely
computing dynamical trajectories of any kind. The compu
tion of any time correlation function is accomplished by au
menting the exact~quantum! generalized Langevin equatio
for the Kubo transform of the correlation function with exa
static structural input and a suitable approximation to
memory function. We have applied our approach to stu
collective density fluctuations in liquid para-H2 near the
triple point. Motivated by the fact that the inclusion of qua
tum fluctuations results in a ‘‘softening’’ of the effective po
tential, we have used a very simple form for the memo
function ~QVM!, where the lifetime of the exponential deca
of the memory function was obtained from path-integ
Monte Carlo simulations. Semiquantitative agreement w
obtained in comparison to the experiment of Bermejoet al.
@7#. We have suggested that the QVM can be improved us
an approximate closure for the memory function based
the mode-coupling theory. The method developed here i
no way confined to the case of para-H2, and should be ex-
tremely useful in general for the difficult problem of comp
tation of dynamical observables in quantum liquids.
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